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ABSTRACT

Circularly polarized bistatic scattering from plane—symmetric targets

with otherwise arbitrary electrical properties exhibits reflection asymmetries
ft

and polarization reversal symmetries which are useful for bistatic radar data

interpretation. In addition, the symmetries can be used to reduce the time

and expense in obtaining bistatic scattering data from static range measure—

• ments and theoretical or computer calculations.

The reflection asymmetry and polarization reversal symmetry relations

are derived in this note. The symmetry relations are then combined with the

principle of electromagnetic reciprocity to determine the minimum number of

measurements needed to completely characterize target scattering.
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I . INTRODUCTION

Consider a target with arbitrary electrical properties that exhibits

symmetry about a plane. Without loss of generality , the symmetry plane can

be taken to be the x-z plane of a right-handed x-y—z cartesian coordinate

system whose origin is at the target center of mass. The direction of the

V z axis can be chosen in whatever manner is convenient, e.g., along a principal

or unique axis of the target.

When the transmitter line of sight is in the symmetry plane, circularly

polarized scattering is asymmetric about the plane, i.e., identical circularly

polarized receivers at positions (x,y,z) and (x ,—y ,z) in the far field of the

target will generally measure different cross sections and phases. When the

relationship between the scattered far field components and the incident

components is expressed via the scattering matrix relation

E~
5(xDy~z) a

RE
(x,y,z) a~~ (x,y,z) ER

’

E~
5(x~yf z) aLR

(x,y,z) a~~,(x ,y,z) - 
EL
’

the principle of reflection asymmetry implies that, in general,

a..(x,—y,z) ~ a.(x,y,z) y ~ 0 . ( 2)

A derivation will be provided in the Sections II — VII. It will also be shown

that there is reflection symmetry under polarization reversal, i.e.,

aLR
(x,y

~
z) = a~~(x,y,z)

1
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and ~ 1)

aRE (x l y , z) = a
LL

(x ,y,z)

It follows from these results that

a~~ (x,o,z) = a
LR

(x.o,z)

and (4)

a~~(x,o,z) = aRR (x,o.
z)

but, in general,

a~~ (x,y,z) ~ 
a~~ (x,y,z)

and (5)

a~~(x,y,z) ~ 
aJ~~(x,y,

z)

The relations in Equations 2 and 3 are derived in Sections lI-Vu for a

plane—symmetric target with arbitrary electrical properties. Circularly

polarized field components are decomposed into linearly polarized components

in Section II. Symmetry properties of electric current components induced

by linearly polarized incident field components are obtained in Section III

by invoking heuristic symmetry arguments. However, a mathematical derivation

is provided in the appendix for the important case of a perfectly conducting

target. In Section IV symmetry properties of the scattered magnetic vector

potential are obtained from those of the induced electric current. The con-

cept of electromagnetic duality is introduced in Section V and used in

2
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Section VI to obtain the symmetry properties of the induced magnetic current

and scattered electric vector potential from those of the induced electric

current and scattered magnetic vector potential. The symmetry properties of

H - the scattered electric field are finally obtained in Section V1 from the

symmetry properties of the scattered magnetic and electric vector potentials.

Additional symmetry relations are obtained in Section VIII for bodies of

revolution by combining the principles of polarization reversal symmetry and

electromagnetic reciprocity. In Section IX symmetry relations are used to

determined the minimum number of measurements needed to completely charac-

terize target scattering.

— 
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II. LINEA R POLARIZATION DECOMPOSITION

The proof of Equations 2 and 3 is most easily accomplished by decomposing

the circularly polarized fields into a superposition of linearly polarized

fields. The incident electric field is decomposed into components polarized

either parallel or perpendicular to the incidence plane which is the symmetry

plane of the target. The scattered electric field is decomposed into coinpo-

nents polarized either parallel or perpendicular to the scattering plane

containing the z axis and the receiver line of sight.

It will be convenient to use spherical coordinate notation for the m ci-

dent and scattered fields. Accordingly, the terms “0” and “4” polarization

will be used for horizontal and vertical polarization, respectively. The

four spherical electric field components are illustrated in Fig. 1.

For exp (iwt) time variations the relationship between the circular and

linear components is given by

1 1 ER
’

= -i—- (6)

E~ 1 -1 EL

and

ER
S 1 i E0

5

= — . (7 )
• SEL 1 -1

The relationship between the scattered and incident linearly polarized fields

is expressed in terms of the linear polarization scattering matrix relation

4
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Fig. 1. ® and ~ polarized components of the incident and scattered
electric fields .
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E0
5 

= 

a~0 a0~ E0
’ 

(8)

a
~t,Q 

a~~ E~
’

If the scattered field is known when the incident field is either 0 or

~I polarized , normalization by the incident field amplitude yields the corres-

ponding scattering matrix component, e.g.,

- . a0~ = EØ~/E~
’ (9)

where

= E
0

E
0
1 

= 0 (10)

E~
’ 

~ 0

Once the linear polarization scattering matrix is known, the circular

polarization scattering matrix in Equation 1 can be obtained from

1aRR 
a~~

1 = [1 i][a
OO a

04~
][l 1] (11)

LaLR 
a
LLJ 

1 -i ac~O 
aq,4~ Li -i

Therefore,

aLR 
= ~~ {a00 + a~~ + i( a 0~ - a~0

)} ,

a~~ = ~~ {a00 + a~~ - i(a0~ 
- a~0 ) } ,

6
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aRR 
= ~~~ ~a00 

- a~~ + i (a
0~ 

+ a~0
)}

and ( 12)

aLL 
= -

~~ {a00 
— a~~ 

— j (a
0~ + a~ 0

)} -

Consequently , the circular polarization reflection properties in Equations 2

- and 3 can be readily determined from the properties of the linearly polarized

scattered fields.

7
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III. INDUCED ELECTRIC CURRENT SYMMETRY

In this section , induced electric current symmetry is obtained from

symmetry arguments.

Consider the y symmetric profile of the target as illustrated in Fig . 2.

If the incident electric field is polarized either parallel or perpendicular

to the x—z plane, the cartesian components of induced volume and surface

currents must be either even or odd in y.  If the incident electric field

iis $ (perpendicular) polarized , E = E~, ~~ Jy~ is even in y ,  and and

are odd in y.  For 0 (parallel) polarization, = E
O
’(cosO Tx 

— sin0
T~

),

is odd in y, and J
0 ~~~ ~zO are even in y. These symmetries are

• summarized in Table 1.

A mathematical derivation of the induced electric current symmetries

for a perfectly conducting target is provided in the appendix.

L 
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Fig. 2. y symmetric profile of a target that exhibits mirror

symmetry about the x-z plane -
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TABLE 1

LINEA R POLARIZATION y REFLECTION SYMMETRIES*

Even Reflection Symmetry Odd Reflection Symmetry

~~~ 
A 0 x4~’ 

A~~

J , A J , A
y4~ y41 yO yO

J , A J , AzO zO z4 zc~

A00, A# 
A~0, A9~,

M , F M , F
x4 x4 xO xO

M , F M , F
yø ye YI:I y4~

M , F M , Fz~ z4 zO zO

F
0~

, F1~,0 
F~~ , F00

E00, E~~ E~ 0, E0~

J - induced electric current

A — scattered magnetic vector potential

M - induced magnetic current

F — scattered electric vector potential

E — scattered electric field

*The second subscript denotes incident electric field polarization.
0 polarization - parallel to the x-z plane.

~ polarization — perpendicular to the x-z plane.

10
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IV. MAGNETIC VECTOR POTENTIAL SYMMETRY

In this section induced electric current symmetry is used to deduce

magnetic vector potential symmetry.

The volume current contribution to the ~th cartesian component of the

scattered magnetic vector potential is given by

f (,r’,z’) kP
= ~~

_[J
dX IdZ l

f[ 

~~~~
h , ~~~~~~~~~~~~~ 

(13)

• where

R = ~~(x_x~ )
2
+(y_y 1) 2+ (z_z1) 2 (14)

If J
~~
(
~
c ’
~
y ’,z’) is even in y’ only the even part of R~~exp[—ikR] with

V 
respect to y ’ survives the y ’ integration. Since this part is also even in

y, A .(x,y, z) will also be even in y. Similar arguments hold when J.(x’,y’ ,z’)

is odd and for surface current contributions to A. Therefore, as indicated

in Table 1, the cartesian components of A (x ,y, z) have the same y symmetry

properties as the corresponding cartesian components of J (x ,y, z ) .

The transverse spherical components of A are given by

A ~~- A  +~~~~A -~~~ A0 rp x rp y r z

and (15)

A = - 1A +~~~Ap x  ~D y

where p = ~~x
2+y2 and r ~J~~+~

2 
- Combining these equations with the 

V

11
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symmetry properties of the cartesian components in Table 1 yields

A60 and A~~ are even in y

and ( 16)

A
0~ 

and A~0 are odd in y

which are summarized in Table 1.

- ft

12
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V. ELECTROMAGNETIC DUALITY

In this section the concept of electromagnetic duality is introduced

so that the symmetry properties of the induced maqnetic current and electric

vector potential can be obtained from those of the induced electric current

V 
and magnetic vector potential.

Two equations of the same mathematical form are called dual equations.

• Quantities occupying the same position in dual equations are called dual

• quantities [Ref. 1, p. 98]. The duality of the electric and magnetic

quantities in Table 2 follows from the symmetry of the Maxwell equations

i -+~~~ , / V~

I E ~~ I -uH~~ I - M
Vx (~~~~1.) = i w

k~~~~~) + ~~~~~ 
(17)

with the solutions

(
~

) =_
~~~~~ {r+ 4 vv] • (

~
) + Vx (~~1~~ , = 

2 (18)

where

-4
/A \ /-~~ \[v2 

+ k2JI~~) 
= 

~~ 

) , ( 19)

and I is the unit dyadic defined by

4-4 ,• ,_ ,~ ,• ,•I = xx + yy + zz - (20)

A systematic replacement of the electric and magnetic quantities in one column

of Table 2 by the corresponding magnetic and electric quantities in the other

column merely causes the Maxwell equations to be interchanged. Therefore a

13
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TABLE 2
V 

ELECTROMAGNETIC DUALITY RELATIONS *

- -4 -4
E H

-4 + V

H -E

-4 -4
J M

• + +

*Replacing all of the quantities in one column by the
corresponding quantities in the other column causes the
Maxwell curl equations to be interchanged.

14
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known relationship between quantities in one column also exists between the

dual quantities in the other column.

15
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VI. SYMMETRY OF INDUCED MAGNETIC CURRENTS AND ELECTRIC VECTOR POTENTIAL

The symmetries of the induced magnetic currents and electric vector potential

summarized in Table 1 are obtained from the duali ty relations in Table 2 and
-pi

the fact that when B is 0 polar ized , H is ~ polarized and vice versa.

- i

16
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VII. LINEAR POLAR IZATION SCATTERED FIELD SYMMETRY

In the far field , the electric field expression in Equation 18 reduces

to

= _ iw ’{ A8 
— flF41) O  + (A~ + nF0 ) 4 }  (2 1)

where 
~~ 

= - Therefore - the transverse spherical components of

~~
S (x y z) have the same y reflection properties as the transverse spherical

- P +
components of A (x,y,z). Consequently, as summarized in Table 1,

E00 (x ,y , z) and E~~~(x,y , z) are even in y

and (22)

E~ 0
(x ,y, z) and E

01~
(x ,y,z) are odd in y -

Combining these results with equations of the type found in Equations 9 and

10 yields

a00 ± a~~ are even in y

and (2 3 )

a
0~ 

± a~0 are odd in y.

- 
The proof of Equations 2 and 3 follows from combining Equations 12 and 23.

17
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VIII .  SYMMETRY RELATIONS FOR BODIES OF REVOLUTION

When applied to electromagnetic scattering , the principle of electro-

magnetic reciprocity requires that cross sections and phases remain unchanqed

when the roles of transmitter and receiver are interchanged [Ref. 2, p. 252].

In this section the principles of electromagnetic reciprocity and polarization

reversal symmetry are combined to obtain additional symmetry relations for

- 
V bodies of revolution ,

When the target is a body of revolution , it is convenient to make the

z axis the axis of revolution . For a transmitter and receiver in the

spherical coordinate directions 
~
0
T’ 

0) and 
~
0
R’ ~R~ ’ 

respectively (see

Figure 3), scattering matrix amplitudes have the form

-ikr
a. . (0 , r, 0 ~ 

) = 
e V~ T~~ e~~ ij (24)

ij T R R 
‘~~~~2 

13

where 
~~~

. .  and p .. are the corresponding cross sections and range independent

phases. In the following the variation with r will be ignored and symmetry

relations with respect to the scattering angle triplet 
~
0
T’ 

0
R’ ~~~ 

will be

obtained.

When the positions of the two antennas remain fixed but the roles of

transmitting and receiving are interchanged , the new transmitter and receiver

spherical coordinate directions are 
~
0
R’ 

0) and 
~
0
T’ ~R~

’ respectively . The

transmitter and receiver aspect angles are interchanged and the receiver

azimuth ang le changes sign , i.e.,

- 

18
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RADAR AS PECT ANGLE COORDINATES

forward directed pr~ncipa1 ax is unit vecto r of target
A A A  • Vx ,y,z cartes ian coord inate unit vectors

k 1 unit incident wa ve vector

115 unit scattered wave vecto r

• 9T transmitter (monos totic) aspect angIe
receiver aspect angle O s

- 

~ R receiver to transmitter azimu thal angle —ir < ~ iT

Fig. 3. The radar aspect angle coordinate system .
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~
0
T’ 

0
R’ ~~~ ~

0
R’ 

0
T’ ~~ 

- (25)

V Since the transmitter and receiver polarizations h ave also been interchanged ,

- the principle of electromagnetic reciprocity yields the relations

aLR ~
0
R’ 

0
T’ ~~~ 

= a~~ 
~
0T’ 0R’ ~~~

aRR ~
0
R’ 

0
T’ ~~~ 

= aRR ~
0
T’ 

0
R’ óR~

and (26)

aLL ~
0
R’ 

0
T’ ~~ 

= aLL ~
0
T’ 

0
R’ ~~

The polarization reversal symmetry relation in Equation 3 yields the receiver

azimuth reflection relations

a
L ~

0
T’ 

0
R’ ~~ 

= a~~ 
~
0
T’ 

0
R’ 

c~~)

and (27)

aRR ~
0
T’ 0R’ ~~ 

= aLL ~
0
T’ 

0
R’ 

~~ 
-

Combining Equations 26 and 27 yields the aspect angle interchange relations

aLR ~
0R’ 0T’ ~~ 

= a
LR ~

0T’ 0R’ ~~ ‘

a~~ 
~
0
R’ 0T’ ~~~ 

= aLL ~
0T’ 0R’ ~~

and (28)

20
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a~~ ~
0R ’ 0T , 

~~~ 
= a~~ 

~
0
T’ 0R’ ~~

i.e., principally polarized scattering is invariant to an interchange of the

transmitter aspect angle 0
T 

and receiver aspect angi 0
R 

but orthogonally

polarized scattering is not. The radar aspect angle symmetry relations in

Equations 26 to 28 are summarized in Table 3.

Bistatic static range measurements are typically obtained in terms of t~~ .

bistatic measurement coordinates (T, 
~~~, 

y) [Ref. 3]. The coordinate system

used to display the measurements is illustrated in Fig. 4. k . and k are the

incident and scattered wave unit normals, respectively . The fixed transmitter-

line—of—sight (TLOS) and receiver—line—of—sight (RLOS) define the bistatic

plane. The bistatic angle ~(0 < ~~ 
< 180

0
) is the angle between the TLOS and

RLOS. The target is mounted on a turntable in the bistatic plane which rotates

360
0 
during each measurement run . The turntable angle T(—180° < T < 1800) is

the angle between b (the unit bisector of the TLOS and RLOS) and the projection

of ~ (the unit vector in the direction of the target principal axis) on th~

bistatic plane. The turntable angle is positive when the projection of ~ in

the bistatic plane is on the receiver side of the bisector. The pitch angle

y (— 90 ° < y < 900) is the angle between ~ and the bistatic plane. It is

positive when the projection of ~ on fi (the unit normal to the bistatic plane

in the k x k. direction ) is positive .
V 5 1

The transformation between bistatic measurement coordinates and radar

aspect coordinates is given in Table 4. Notice that

~~ R~~~~~~~~~~~~~~~ R

21
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V TABLE 3

RADAR ASPECT COORDINATE SYMMETRY RELATIONS

Aspect Angle Interch an ge

V 

aLR ~
0
R’ 

0
T’ ~~ 

= a
LR ~

0
T’ ~~~ ~~

aRR ~
8
R’ 

0
T’ ~~ 

= a
LL ‘0T ’ 0R ’ ~~~

a~~ ~
0R ’ 0T ’ ~~~ 

= a~~ 
~
0
T’ 0 R’ ~~~

Receiver Azimuth Reflection

aLR ~
0
T’ 

0
R’ ~~ 

a
~~}OT

l 0
R’ ~~

a
R? L

T
1 0

R’ ~~ 
= aLL (O

TI 0
R’ ~~

Electromagnetic Reciprocity

aLR ~
0
R’ 

0
T’ 

~~ 
= a~~ 

~
0
T’ 0

R’ ~~

aRR ~
0
R’ 0

T ’ c
~R

) = a~~ ~
6T’ 0

R’ ~~

aLL ~
0
R’ 

0
T’ ~~ 

= a
LL ~

0
T’ 

0
R’ ~~

22
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BISTATIC MEASUREMENT COORDINATES ( r 1f ~,y)

forward directed principal axis un it vector of target

uni t incident wove vector

k5 un it scattered wave vec tor

A K

b . 
A A 

bistatic unit bisector

A *
A

A A bistatic unit tangentI k~~ + k 1~
A A A
fl b X t bist otic unit normol

~ bistatic turntable angle —~~~ < T T

I~ bistat ic angle 0~~$ ~ w
y bistot ic pitch angle — -w/2 <y

~ 
w/2

Fig. 4. The bistatic measurement coordinate system.
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TABLE 4

RADAR ASPECT - BISTATIC MEASUREMENT COORDINATE TRANSFORMATIONS

• cos = cos 0T C05 0R + ~~~~~~~ 0T 
sin 8

R 
cos 

~R

S~~fl 0T 
sin

S1~ f l  ~~‘ = 
S j~~ 

~ sin

~~~~ 0
R 

+ ~~~~~~~

cos •1~ =

2 cos y cos(B/2)

- •  

• 
~~~ 0R ~~~

sin t =
2 cos y sin (~ /2)

Inverse Transformation

cos eT 
= cos y cos(T-l-8/2)

~~~~~~~ 0R 
= cos ‘r cos(t— ~ /2)

— 
~~~ 0T ~~~cos~~ = . -R 51fl 0

T ~~~~~

S]•fl 
~R 

= 

sin
~~~ 

sin 0
R 

sin 
~
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and (29)

< ) T + -T

i .e. ,  a sign change in pitch angle is equivalent to a sign change in receiver

azimuth angle and a sign change in turntable angle is equivalent to an inter-

change in transmitter and receiver aspect angle. The bistatic measurement

• 
- symmetry relations summarized in Table 5 are obtained from the radar aspect

symmetry relations in Table 3 by using Equation 29.

-j 25
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TABLE 5

BISTATIC MEASUREMENT COORDINATE SYMMETRY RELATIONS

Turntable Ang le Reflection

— 

aLR (1 , B~ -y) = aLR (T , 0, y) 
-

aRE (•~t~ 0, y) a
LL ~~~~~~ 0, y)

• a~~~ (—t , 0,y ) = a ~~, (T ,B, y)

Pitch Angle Reflection

• a
LR

(T , O , _ -y) = a
~~, (T ,B , ’t’)

aRE (T , 0, -y) = aLL 
(1, 0 , ~

)

Electromagnetic Reciprocity

a
LR 

( T , 0 , —~
) = a~~ (T, 0 , y)

aRE (—T , B , —y) = aRE (i , B , y)

a
~~ 

(-T , B , -y) = a~~ (i, B , ~)

26
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IX. INDEPENDENT CIRCULAR POLARIZATION MEA$UREMENTS

In this section the principles of electromagnetic reciprocity and polar-

ization reversal symmetry are used to determine the minimum number of measure-

ments needed to completely characterize target scattering .

A. Bodies of Revolution

From the static measurement reflection relations in Table 5, it is seen

that for fixed y and B, LR and EL static range patterns in T will always be

symmetric about T = 0. In contrast, RE and LL oatterns will be symmetric

about I = 0 only when y = 0. However, since the IL and ER patterns are

always mirror images of each other about I = 0 , nnly one of these measurements

need be made. In addition, negative pitch patterrs can be obtained from po~i-

tive pitch patterns (or vice versa) by using the nolarization reversal sym-

metry relations. Therefore, for f ixed 0, three sets of 3600 static patterns

(e.g., LR , ER and EL for 0 < y < 90°, _180
0 

< I < 180°) are suff icient to

completely characterize the target. However, since the LR and RL patterns

are symmetric about t = 0, measurement redundancy cannot be completely avoided .

The measurement redundancy inherent in 3600 experimen tal static range

patterns can be avoided when making theoretical or computer calculations.

For fixed B four sets of 1800 static patterns (e.a., LR , ER, EL and LL for

o < < 90°, 0 < T < 1800) are sufficient to completely characterize the

target. Negative pitch and turntable angle data can be obtained by using the

reflection relations in Table 5.

B. Arbi trary Targets

If a target is not a body of revolution , none of the symmetry relations

in Table 5 are applicable. For example, consider a target whose physical

27
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shape is a body of revolution but whose electrical properties vary in roll

angle p (modulo 27T) about the physical symmetry axis. The circular polari-

- - zation electromagnetic reciprocity relations are

a.•(—T , 8, —y, p + it) = a..(T , 8, y, p) . (30)

V 

However , as the target rotates on the turntable, the incidence plane will not

always be a symmetry plane. Therefore, the static patterns will not exhibit

polarization reversal symmetry. Consequently , unless the target has additional

symmetries in roll angle , all four static patterns over a 3600 range of rol l

V angles are needed to completely characterize the target for a fixed J)’ I and
B. Measurement redundancy is avoided by using reciprocity to obtain negative

pitch patterns from positive pitch patterns (or vice versa).

28
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APPENDIX

POLARIZATION SYMMETRY OF INDUCED SURFACE CURRENT

The induced surface current .3(r) , on a perfectly conducting scatterer

with unit outward pointing normal fI(r) , is a solution of the inhomoqeneous

integral equation [Ref. 2, p. 354]

-* -i-i -* —, -s. ft -~
2fi(r) x H (r) = .3(r) + 2i~(r) xJJds ’ [.3(r’) x VG(R)] (Al)

where
- ik R

V 
G(R) = 

e 
R = - 

~‘I (A2

4rrR

is the free space scalar Green ’s function and H (r) is the incident magnetic

surface field. The integral equation can be reduced to the form

+ +~ -4 -+ + ~~~-* + -$ , -s.
2fi(r) x H (r) = .3(r) 4ff 

ds ’ F (r , r ’) .3(r) (A3)

where

# + +  + # + -~ -~
F (r, r ’) = 1V (R) K (r, r’)

= -2(ik + l/E)

and (A4)

4-s. + + + 4—’- -*,~
K (r, r’) = (fi . ~

) i — Rn

+ + -‘-

I is the imit dyadic ~ + 99 + 2~ and R = r - r’
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~~x H  = (n x H )  + ( n X H )
e 0

= ‘ve a

and (AS)

4-~ 4-, 4-4 4-, 4-4
K = K + K  + K  + K

ee eo oe 00

where the subscripts e and o denote evenness or oddness with respect to the

y coordinate , e.g., is even in y and odd in y ’. (Only one subscript is

• needed for ‘
~‘ because it is invariant with respect to an in terchange of y an d

y ’.) Then for a surface which is sysunetric about the y = 0 plane ,

+1 -, ft C -‘--p -~- -~~-4 -~-
2 ( f Ix H )  = .3 + I I ds ’ I F  . j  + r  . j

e e j j  i ee e eo a

and (A6 )

+ a’t r-~--+ -s. ~—s. -‘-
2’f~~x H )  = .3 +fl ds ’ I F  . J  + F  . J

0 a JJ ~~oe e 00 0

where

4~~ 4-,
F = ‘f’ K +~~~‘ Kee e ee 0 00

4-s. 4-s.
F = ‘Y K +~~~~~ Keo e eo 0 oe

4--s. 4-’F = qs K +q ’ Koe e oe o eo

and (A7)

4-s. 4-,
F = ‘V K + ‘V  K
00 e 00 0 ee
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If

y 2 
— f ( x , z) = o (A8)

is the equation of the surfa ce , B is given by

= n = V [y
2 

- f(x,z)]

1 2V [y — f (x ,z ) ] I

2y9 - f~~ - f Q

_ _ _ _ _ _ _ _ _ _ _  

(A9)

•~~~~~~~~f
2 

f
2

There fore ,

+
n = n
e

and (AlO)

B = n 9o y

For incident plane wave propagation perpendicular to the y axis

H’ = H
y
’ 9 + HfV 

( A l l )

is independent of y. Then since

B x = x + n 9  x H 4- H ’(n
1 

x 9) , (A12)

• (B x H~
•) = x H

j~ -4- H~~ ~ x 9)

and (A13)

x H1) = n 9  x
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Notice that

-,i
y ( n x H )  = 0  . (Al4)0

Let

= (y - 
~~~~~~~~ 4 . (Al5 )

Then since

4—s. 4-~ 4—s. 4—f + 4-4 -*K + K + K + K = (R B) I — RB , (A16)ee eo oe oo

= 

~-J- ~~ + yn) r- 
~ 

- yn 99 ,

= -n~~~9 - yyn~j~

and 
(A17)

K
00

= Y ’n
y2 2 _ ~~~’nyi .

I f  is a unit vector in the x—z plane , Equations All and A7 can be

combined to yield

= . + - ~~~ 
. 
~1
)]-’I’ y ’n ,

= 
~
‘
e ”
1~~~~I 

‘
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~~o 

= ‘V y 1 (fl 
¶j

) ..u/ v (~~j~ 
.

~ .r •
~~~~~ 

= — ‘I’ n ( ~ • R )I oe e y ~~~ ~

= 
~~e 

~
‘ ~~ + ‘V y ’ (~~ .

and (A18)
V 

eI l
~o~~I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

all other comb ations being zero.

By combining Equations Al8, A13 and A6 it is found that J , .3 and
x0 zo

.3 are solutions of
ye

29 . (n~~~ x H
1
) = 

~ye + ffds
l 

~~~~ ~~~e 9
~~ye

4—s. +
+ 9 . F  •~~~~~ ]eo lo V

and (Al9)

2fly~I 
(9 x H

j~~) =  

~1 ~o +ffds I 

~~~ ~~e 
9
~~ye

+ 

~_i_ 
. 
~~ 

.

whereas J , J and J are solutions ofxe ze yo

2H 1
~1 

(n1 x 9) 
~e 
+ffds’ ej 

~~e 
. 

~je
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and (A20)

ft +-+ -‘-
V 0 = .3 + ds ’ y . F  .j

yo oe le

For incident parallel polarization the incident electric field is

polarized in the x—z plane and the incident magnetic field only has a

y component. Therefore , Hf 
= 0 and a solution to Equation 1~l9 is

-4
• .3 = 0

V
.. 10

• and (P. 21 )

J = 0ye

These solutions are unique except when w = ck is a resonant frequency of the

cavity formed by the bounding surface of the target. At resonance cavity

- 

I mode currents may exist. However , since cavity modes are nonradiatir ’-i , the :

can be ignored when primary interest is in the properties of far field

scattering. Therefore ,

J and J are even in yx z

and (A 22 )

.3 is odd in y
y

for parallel polarization.

For perpendicular polarization H ’ = 0 and the solution to Equation

V A2O i s

+
.3 = 0
le

and (A23)

.3 = 0
yo

A-6

- . . ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
---—-— - -

~
—------------ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

There fore ,

J and J are odd in y
x z

(A24)and

.3 is even in y
y

for perpendicular polarization.
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